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1 Introduction 

The history of associahedra can be traced back to when James Stasheff intro- 
duced their face complexes |18j , and used them to study homotopy associative 
H-sp'Aces. They were later constructed as convex polytopes by Mark Haiman 
in an unpublished manuscript [TT], and then by Carl Lee [IS]- In the last 
fifty years, associahedra have attracted much attention, not only due to their 
importance in algebraic topology, but also because of their connection with 
a number of combinatorial objects such as triangulations of convex polygons 
[T71ITB] . binary trees dZM], and bracketed expressions [H]. Their diameters 
are especially relevant to operations that can be carried out to transform any 
of these objects into other objects of the same type: flips in triangulations, 
rotations in binary trees, and associativity in bracketed expressions. 

About twenty-five years ago, Daniel Sleator, Robert Tarjan, and William 
Thurston proved the following result TT : 

Theorem 1 When d is large enough, the d- dimensional associahedron has 
diameter 2d — 4. 
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Note that this theorem is originally stated in [17] using the formalism of 
triangulations and flips, and does not explicitly mentions associahedra. In fact, 
the connection between associahedra and triangulations of convex polygons 
was discovered independently at about the same time by Carl Lee [T3]. 

Unfortunately, theorem [T] does not provide any clue on the smallest dimen- 
sion above which the diameter of associahedra is always twice the dimension 
minus four. The diameters of these polytopes have been obtained up to dimen- 
sion 15 using a computer program, showing that this smallest dimension is not 
less than 9 (see page 654 in [IT])- In addition, associahedra of dimension 10 to 
15 were found to satisfy the rule stated by theorem [T] leading to the following 
conjecture, also originally formulated in |17j in the context of triangulations 
and flips: the diameter of the d- dimensional associahedron is 2d — 4 when d is 
greater than 9. The problem remained open until now, and made its way to 
textbooks [5l|7j. 

While the statement of theorem [l] is purely combinatorial, the proof given 
in |17] is based on hyperbolic geometry. The authors of this paper comment 
that the role played by geometry in this problem "may seem mysterious" and 
they add that there should exist a proof using only combinatorial arguments. 
These observations led to consider the existence of a combinatorial proof for 
theorem [l] as an open problem on its own [31[7] . Recently, Patrick Dehornoy 
made progress towards such a proof by obtaining a lower bound of the form 
2d — 0{Vd) on the diameter of the d-dimensional associahedron, using purely 
combinatorial arguments [5j. 

The two open problems mentioned above are solved in this article. In other 
words, a combinatorial proof is given that the diameter of the d-dimensional 
associahedron is 2d — i when d is greater than 9. 

This result will be obtained using flip operations in the triangulations of 
convex polygons. A combinatorial description of these notions will be given in 
section [2] using the finite subsets of Z. While the proofs could also be written 
using traditional 2-dimensional polygons, this alternative formalism will sim- 
plify the exposition of the results throughout the article. The correspondence 
found by Carl Lee between the 1-skeletons of associahedra and the flip-graphs 
of polygons is also given in section [2] using this formalism. 

Sections[3||4j and[5]are devoted to stating general equalities and inequalities 
on the distance between two triangulations in the flip-graph of a polygon. The 
first of these inequalities, found in section |3] generalize lemma 3 from [17j . 
The inequalities given in section [4] are based on the operation of contracting 
an edge in a triangulation. It will be shown in particular that contracting an 
edge in the triangulations of a polygon induces contractions in the flip-graph 
of this polygon. Section [5] further provides equalities on the distances in two 
distinct flip-graphs, when the triangulations of a polygon are mapped into 
triangulations of another polygon in an adequate way. 

Three pairs of triangulations of a polygon with n vertices are described 
in section [6] when n is greater than 2, along with some of their properties. A 
recursive lower bound on the flip distance of the first pair is found in section 
[7] using the results of sections [3] to |6] The two other pairs will serve as inter- 
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mediates for the statement of the results. The diameters of associahedra are 
obtained in section [8] based on this recursive lower bound. In section [9) a third 
related open problem, posed in [3], is solved. 

A discussion on the possibility of finding similar results on some general- 
izations of associahedra [HlIIlll] completes the article. 

2 Flip-graphs of polygons and 1-skeletons of associahedra 

In this article, an edge on a set 5 is a subset of S with two elements. The 
elements of an edge will also be referred to as its vertices. The finite subsets 
of Z provide a combinatorial representation of convex polygons that allows 
for a convenient treatment of their triangulations. Indeed, if one identifies the 
vertex set of a convex polygon with a finite set tt C Z in such a way that 
every two consecutive elements of tt are the vertices of a boundary edge, the 
properties of edges on polygons can be stated combinatorially. For instance 
the notion of crossing edges can be defined as follows on Z: 

Definition 1 Two edges e and on Z are crossing if they are disjoint and 
exactly one vertex of e is strictly between the two vertices of 

Consider a finite subset vr of Z. The elements of tt will be, as in the case 
of edges, called its vertices. An edge on tt will be called a boundary edge on 
TT if it does not cross any edge on tt, and an interior edge on tt otherwise. In 
addition, the set of all boundary edges on tt will be denoted by /3(7r). Following 
definition [l] the elements of /3{7r) are the edges whose vertices are consecutive 
elements of tt, and the edge whose vertices are the smallest and the greatest 
elements of tt. Using the notion of crossing edges, one can directly transpose 
the usual definition of triangulations from 2-dimensional convex polygons to 
finite subsets of Z. 

Definition 2 Let tt be a finite subset of Z. A triangulation of tt is a set of 
pairwise non-crossing edges on tt that is maximal for the inclusion. 

Because of the above-mentioned identification, any finite subset of Z with 
at least three elements is called a polygon hereafter. Observe that definitions 
[T] and [2] are not stated for polygons only, but also for the subset of Z with less 
than three elements. This will avoid unnecessary technicalities in the follow- 
ing sections. This alternative formalism for polygons and their triangulations 
not only provides a combinatorial representation of these objects, but also 
a natural ordering of their vertices, and the possibility to directly use these 
vertices in arithmetic operations. Yet, they still can be represented as their 
2-dimensional counterpart. The reader is referred to [5] for a comprehensive 
study of triangulations in general. 

Now consider a triangulation T of a polygon tt. A classical (and straightfor- 
ward) result states that all the boundary edges on tt belong to T. Hence, the 
boundary edges on tt will also be referred to as the boundary edges o/T. Sim- 
ilarly, the interior edges on tt that belong to T will be called the interior edges 
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of T. A bijection a from a polygon tt onto a polygon tt' is called boundary- 
preserving if it induces a bijection from /3(7r) onto P{tt'). In other words, a is 
boundary-preserving if it commutes with j3. Note in particular that any strictly 
monotonic map from a polygon onto another one is boundary-preserving. Ac- 
cording to the following classical proposition, boundary-preserving maps main- 
tain the whole structure of a triangulation: 

Proposition 1 A boundary-preserving bijection from a polygon n onto a poly- 
gon tt' maps every triangulation of n to a triangulation of tt' . 

This proposition follows from the fact that two edges on a polygon tt are 
crossing if and only if their images by a boundary-preserving bijection from 
TT onto any given polygon are crossing. The next proposition is a classical 
characterization of triangulations using their number of edges: 

Proposition 2 Let n be an integer greater than 1 and tt a finite subset of Z 
with cardinality n. A set of pairwise non-crossing edges onn is a triangulation 
of TT if and only if it has cardinality 2n — 3. 

As first observed by Carl Lee [IH], flip-graphs of polygons are isomorphic 
to the 1-skeletons of associahedra. These graphs are now defined. Consider an 
edge e on a polygon tt, and a triangulation T of this polygon. The following 
subset of TT is called the link of e in T: 

A(e,T) = {a;e^:V2/ee, {x,y}eT}. 

According to well-known properties of triangulations £ is a boundary 
edge of T if and only if A(e, T) is a singleton. Note that this only holds when 
TT is a polygon (otherwise X{e,T) is necessarily empty). Now assume that e 
is an interior edge of T. In this case, X{e,T) is another interior edge on tt 
that crosses e. In other words, the set e U A(£, T) is a quadrilateral whose two 
diagonals are e and its link in T. Consider the set ^{e, T) obtained replacing 
e by A(e,T) in T: 

;?(e,T) = [T\{e}]U{A(e,r)}. 

Another straightforward result on triangulations is that ^J(e, T) is also a 
triangulation of tt. The operation of replacing e by A(£, T) in T is called a flip 
[5 . In other words, when all the boundary edges of a quadrilateral q are edges 
of T, the flip operation consists in replacing the diagonal of q that belongs to 
T by the other diagonal of q. In particular the link of A(£, T) in ^^(e, T) is e 
itself and T can be recovered by flipping A(e, T) in ^{e, T). The graph whose 
vertices are the triangulations of a polygon tt and whose edges connect two 
triangulations whenever they can be obtained from one another by a flip is 
called the flip- graph of tt. Two triangulations of tt will be called adjacent when 
they are the vertices of an edge in the flip-graph of tt. 

As mentioned above, the following theorem is proven in |13j : 

Theorem 2 Let d be a non-negative integer and tt a polygon with c? -f 3 ver- 
tices. The 1-skeleton of the d-dimensional associahedron is isomorphic to the 
flip- graph of tt. 



The diameters of associahedra 



5 



According to this theorem, resuhs on the flip-graphs of polygons can be 
transposed from and to the 1-skeletons of associahedra. In particular the flip- 
graph of a polygon is always connected (this connectedness property can be 
obtained from a much simpler argument, though, see |17|). In other words, 
one can obtain a triangulation of a polygon tt by performing a sequence of 
flips from any other triangulation of tt. Note that flip-graphs are not always 
connected in more general cases [5]. 

3 First equalities and inequalities on flip distances 

Results on the flip-graphs of polygons, and especially regarding their diame- 
ters, can be found in [T7]. These results will be needed later the paper and the 
beginning of this section is devoted to stating them. In the remainder of the 
section, one of these results is generalized. For any positive integer n, denote 
by i{n) the set of the n smallest non-negative integers: 

= {0,l,...,n-l}. 

Consider a finite subset vr of Z and denote by t{tt) the set of all the tri- 
angulations of n. Further consider two triangulations U and of tt. A path 
of length k from J7 to F is a map -ip ■ ^(^ + 1) ~^ '''(^) so that '0(0) = U, 
ipik) — V, and for all i G i{k), triangulations 0(i) and ip{i + 1) are adjacent. 
A path from J7 to y is called minimal when its length is minimal among all 
the paths from U to V. The flip distance of U and V, denoted by S{{U, V}) is 
the length of any minimal path between U and V. Lemma 2 in [17] states the 
following inequality on flip distances: 

Lemma 1 Let U and V be two triangulations of a polygon tt with n vertices. 
If n is greater than 12, then S{{U, V}) < 2n — 10. 

This lemma is proven in 17] using purely combinatorial arguments. Invok- 
ing theorem[2] lemma[T]can be rephrased as: the diameter of the d-dimensional 
associahedron is not greater than 2d — 4 when d is greater than 9. One can see 
that, if the conjecture on the diameter of associahedra is true, this bound is 
sharp. As discussed in [T7ll4l[5]. finding lower bounds on flip distances is the 
difficult part, tough. Lemma 3 from |17) , whose proof is combinatorial as well, 
will be helpful in the search for lower bounds. Part (a) of this lemma can be 
translated as follows using the formalism introduced above: 

Lemma 2 Let U and V be two triangulations of a polygon tt and e an interior 
edge of U. If A(e, U) G V, then S{{U, V}) = S{{die, U), V^}) + 1. 

Consider two triangulations U and of a same polygon. Lemma [2] states 
that if an edge of V can be introduced in J7 by a flip, then there is a minimal 
path from UtoV that begins with this flip. Part (b) of the same lemma found 
in |17j states that, when an edge has been removed along a minimal path, it 
cannot reappear later along the same path: 
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Lemma 3 Let ip be a minimal path of length k between two triangulations of 
a polygon tt. // an edge e onir is an edge of both "0(0) and ipik), then for every 
integer i in i{k + 1), e is an edge of ip{i). 

Two generalizations of lenima[2]are now stated. Consider two triangulations 
U and V of the same polygon and an interior edge e of U. According to 
the following first generalization, if the link of e in [/ is an edge of some 
triangulation along any minimal path between U and V, then s is the first 
edge flipped in some minimal path between these two triangulations. 

Lemma 4 Let ip be a minimal path of length k between two triangulations of 
a polygon tt, and e an interior edge of 1^(0). If there exists i G L{k + 1) so that 
A(e,'(/;(0)) is an edge ofip{i), then S{{^{e,'ip{0)),ip{k)}) = k-l. 

Proof Assume that there exists an integer i in t(fc + 1) so that the link of 
e in ip{0) is an edge of ■(/'(«). Denoting triangulation ^{e,ip{0)) by T, one 
immediately obtains from lemma [2] that: 

<5({r>(z)}) = z - 1. (1) 

In addition, according to the triangular inequality, 

di{T, v-c*)}) + sim),m}) > si{T, m})- (2) 

Since tp is a minimal path, '>p{i) and i^ik) have flip distance k — i. Hence, 
eliminating S{{T,^{i)}) between ([T]) and ^ yields: 

A:-l>5({r,V(fc)}). (3) 

Another triangular inequality states that the right-hand side of inequality 
([3]) is not less than its left-hand side, which completes the proof. □ 

This lemma can in turn be generalized to sequences of flips. In particular, 
the next theorem states that, under requirements similar to the conditions of 
lemma |4j there exists a path between two triangulations of a same polygon 
whose first several flips can be prescribed. 

Theorem 3 Let ip be a minimal path of length k between two triangulations 
of a polygon TT , cp a map from + into t{'k), {£i)i£L[j) a sequence of interior 
edges on tt, and a : L{j) — > i(fc + 1) an increasing map so that for all i G 
the following three assertions hold: 

i. Ei is an edge of (p{i), 
a. (p{i + 1) = S{ei, (p{i)), 
Hi. \{ei,(p{i)) ^ %p o a{i). 

If '/>(0) — tp{Q), then (p is a minimal path from (p(0) to (p{j), and the flip 
distance of (p{j) and V-'(fc) *s equal to k — j. 
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Proof The theorem wiU be proven by induction on j. First observe that if 
j = 1, then the statement of the theorem simphfies to that of lemma |4] when 
one respectively replaces Eq, </>(0), and 0(1) by s, ip{0), and ^J(e, ■0(0)). Hence 
the result holds in this case. 

Now assume that the result holds for a given positive integer j and for any 
value of k. Consider a minimal path of length k between two triangulations 
of TT, a map cj) from t(j + 2) into T(7r), a sequence (ei)ig,(j-(_i) of interior edges 
on TT, and an increasing map a from t(j + 1) into + 1). Assume in addition 
that for every integer i in L,{j + 1), the three assertions in the statement of 
the theorem hold. In this case, the restriction of -0 to the smallest a{j) + 1 
non- negative integers is a minimal path from ■0(0) to "0 o Q;(j). Moreover, the 
restriction of a to t(j) is an increasing map and the three statements in the 
lemma are still satisfied for every integer i in t(j'). Therefore, by induction, 
the following equality holds: 

^({0(j),'0°a(i)}) =a{j)~j. 

It is also obtained by induction that the restriction of to t(j + 1) is a 
minimal path from 0(0) to 0(j). As a consequence, one can find a path ip' of 
length k from "0(0) to tp{k) that coincides with path on i(j + 1) and with 
path -0 on i(fc + 1) \ t o a{j). 

As every path of length k between 0(0) and ip{k) is a minimal path, then 
■0' is a minimal path between these two triangulations. Hence its restriction 
to t(fc + 1) \ t(j) induces a minimal path of length k~ j from 0(j) to il^{k). As 
'ijj' and 'ijj coincide in a(j), and as the link of Sj in 0(j) belongs to o a{j), it 
follows from lemma |4] that: 

<5(m£„0(j)),V(fc)}) = fc-i-l. (4) 

Invoking the second assertion with i ~ j, one obtains from equation Q 
that the flip distance of triangulations 0(j + 1) and V'(^) is — {j + 1). As a 
consequence, there exists minimal paths from "0(0) to tp{k) whose restrictions 
to i{j + 2) coincide with 0. It immediately follows that is a minimal path 
from triangulation 0(0) to triangulation 0(j + 1). □ 



4 Inequalities induced by contractions 

Additional inequalities on flip distances are stated in this section, based on 
the operation of contracting an edge in the triangulations of a polygon tt. In- 
formally, this operation consists in bringing together consecutive vertices of 
TT. Performing a contraction in every triangulation of tt results in the triangu- 
lations of a smaller polygon tt'. It will be shown that this operation induces 
a continuous surjection from the flip-graph of tt onto that of tt', and there- 
fore makes it possible to compare the distances in these two flip-graphs. The 
inequalities thus obtained will be instrumental in sections [6] to [8] 
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4.1 Contracting an edge in the triangulations of a polygon 

Consider an edge k on Z and denote by a and b its vertices with the requirement 
that a < b. Let yl„ : Z — > Z be the map so that for every relative integer x, 

AAx) = if a; < 6, 

' y X — {b — a) otherwise. 

Further denote by k the intersection of Z with [a, b] . Intuitively, yl^ con- 
tracts K to its minimum element, decreases by 6 — a the integers greater than 
6, and leaves the integers less than a unaffected. Observe that Af^ is a mono- 
tonically increasing map on Z. In addition, two distinct elements of Z have 
the same image by A,^ if and only if they both belong to k. In particular /l^ 
maps an edge e on Z to an edge on yl^ (Z) if and only if e is not an edge on k. 
Let E be the set of all the edges on k. 

It is used as a convention in the following that, if A^, is defined on all the 
elements of a set S then Ai^{S) is the set {Ai^{s) : s E S}. Now consider a 
triangulation T of a polygon tt and denote: 

AUT)^A^{T\E), 

As yl* first removes the edges on k from T, then its image of T only contains 
edges. Now recall that is precisely made up of the edges whose vertices 
are consecutive elements of it, and of the edge e whose vertices are the smallest 
and the largest elements of tt. Denote /3*(7r) = /3(7r) \ {e} and assume that k 
belongs to /3*{it). In this case, the link of k in T contains a unique element c 
and the only two edges of T\£' that have the same image by yl^ are {a, c} and 
{b, c} (recall that the two vertices of k have been denoted by a and 6). Hence 
yl*(T) has exactly one element less than T\E, and two less than T because k 
is the unique edge on Tt that belongs to T. It follows from these observations 
that for any edge k on tt, yl* defines a map from the triangulations of tt into 
the triangulations of ylK(7r): 

Proposition 3 Let T be a triangulation of a polygon tt. For any edge k on tt, 
the image ofT by yl* is a triangulation of Af^{TT). 

Proof The result is first proven when k belongs to /3*(tt). In this case, k is the 
unique edge on k contained in T and the definition of yl*(r) simplifies to: 

yi:(r) = yi.(r\W). 

Consider two edges e and in T and assume that they are both distinct 
from K. It follows from this assumption that the images of these two edges by 
yl^ are edges on yl^ (tt) . As T is a triangulation, then e and <; are non-crossing. 
Hence, according to definition [T] these edges are are either non-disjoint, or 
each of them has an even number of its vertices (i.e. neither or both) between 
the vertices of the other edge. This property is preserved by map yl„ because 
this map is monotonically increasing. As a consequence, edges Af^{e) and ^k(<?) 
are non-crossing. Hence, A^{T) is a set of non-crossing edges on 71^(71). 
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Recall that the only two distinct elements of tt with the same image by 
An are the vertices of k. Therefore, if n denotes the cardinality of tt, then 
Af^^n) has exactly n — 1 elements. According to proposition [2j T contains 
exactly 2n — 3 edges. As A^{T) has two elements less than T, then it contains 
2{n — 1) — 3 edges, and it follows from the same proposition that A'^{T) is a 
triangulation of Ai^^tt). 

Now assume that k is any edge on tt. The result is obtained by induction 
on the cardinality of KflTT. Observe that this cardinality is not less than 2 and 
that it is equal to 2 if and only if k G /3*{Tr). Hence the result has already been 
obtained when kOtt has 2 elements. 

Assume that for some integer k greater than 1, the desired property holds 
whenever TtHTr has cardinality k. Further assume that kHtt has k + 1 vertices. 
Consider the edge ^ whose vertices are the two greatest elements of k n tt and 
denote v = A^{k). According to this construction, <j is an element of /3*(7r) 
and u n TT has cardinality k. 

In addition, A^^ and A^ can be decomposed as follows: 

A,^ = A^jO A^ and yl* = yl* o A*. 

As belongs to /3*(7r) then, as shown above, A*{T) is a triangulation of 
A^{tt). If A^{tt) is not a polygon (i.e. if it has cardinality below 3), then An{TT) 
is a singleton and A* (T) is empty. In this case, the desired result immediately 
follows from definition [2j Now, assume that yl^(7r) is a polygon. As wHTr has 
cardinality k, it is obtained by induction that A* o A*{T) is a triangulation of 
Ajj o A^ (tt) . Since maps A^ o A^ and yl* o A* respectively coincide with A,^ and 
yl*, this completes the proof. □ 



4.2 Contractions induced in the flip-graph of a polygon 

The way flip-graphs and the paths within them react to contractions is now 
investigated. Consider a path ^ of length k between two triangulations of a 
polygon TT. By definition, there exists a sequence {ei)i^L{k) of interior edges on 
TT SO that for every integer i in £,j G and + 1) = d{ei,tlj{i)). For 
any edge k on tt, denote by jniip) the set of all the elements i of t(fc) so that 
quadrilateral Si U X{ei,ip{i)) contains at least two vertices of k: 

-fni^) = {ie i{k) : \Kf^ [£, UA(e„i/;(z))]| > 2}. 

Observe that flipping Si in modifies the links of all the edges on quadri- 
lateral £j U X{ei,ip{i)) and leaves the other links unaffected. Hence, an integer 
i belongs to 7k('0) if and only if the flip that transforms tpii) into + 1) 
modifies the link in of at least one edge on k. It will be shown (theorem 
|4] below) that the cardinality of 7k ('0) is the number of flips that disappear 
from ip when contracting k in all the triangulations visited by ^l>. The following 
lemma provides a first result on the cardinality of this set: 
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Lemma 5 Let ip be a minimal path between two triangulations U and V of a 
polygon n. An element k of P*{'k) has distinct links in U and in V if and only 
''■f lui'^) is non-empty. 

Proof Let k, be an element of /3*(7r). Denote by a and b the two vertices of k 
and by c the unique element of its link in U . Further denote by k the length 
of V', and for every i G i.{k), call the interior edge of ip{i) so that: 

Consider the set S of the integers i in so that Si is equal to either 
{a,c} or {b,c}. Observe that if 7k(V') is non-empty then its smallest element 
necessarily belongs to S. Inversely, if S is non-empty, then its smallest element 
belongs to 7k('0)- In other words, a flip along path ip removes edge {a,c} or 
edge {b,c} if and only if 7k (V') is non-empty. 

Assume that the link of k in is {c}. In this case, edges {a, c} and {b, c} 
both belong to U and to V. As V' is a minimal path from U to V, it follows 
from lemma |3] that these two edges both belong to ^{i) for all i € + 1). 
Hence, these edges are not removed by any flip along path -0, showing that 
"fni'tp) is empty. This provides an indirect proof of the first implication. 

Now assume that the link of k in 1/ is distinct from {c}. In this case, 
{a, c} and {b, c} cannot both belong to V. Hence, at least one of these edges is 
removed by a flip along path t/;. As a consequence 7k (V') is non-empty, which 
proves the second implication. □ 

Consider an edge k on a polygon tt and a path ip between two triangulations 
U and V of this polygon. According to the next theorem, there exists a path (p 
between Ak{U) and Af^{V) whose length is obtained subtracting the cardinality 
of 7k(?/') from the length of ip. In fact, path (j) will be found by contracting 
edge K in all the triangulations visited by path ip and by subsequently removing 
unnecessary triangulations from the sequence thus obtained. 

Theorem 4 Let ip be a path of length k between two triangulations U and V 
of a polygon tt. For any edge n on n, there exists a path of length k — |7k(V')| 
between triangulations A*^[U) and A*^{V). 

Proof Consider an edge k on tt. For all i in i{k) denote by and q the two 
edges so that ip{i -\- 1) is obtained replacing by q in ip{i). Further consider 
an arbitrary element j of L(k) and denote quadrilateral Sj U <,j by q. It will be 
shown that, if j belongs to 7k(V')i then triangulations and ■00 + 1) are 
identical, and that otherwise, these triangulations are adjacent. 

First assume that j G 7k (V')- It follows that at least two vertices of quadri- 
lateral q belong to k. In particular, A^{q) has 1, 2, or 3 elements. As in addi- 
tion, K is made up of consecutive integers, then k admits at least one boundary 
edge on g as a subset. In this case, Af^{ei) and Af^{(,i) can each alternatively 
be obtained as the image by A^ of a boundary edge on quadrilateral q. As 
triangulations tpij) and + 1) both contain all the boundary edges of q and 
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Fig. 1 The flip-graph of the hexagon (solid hnes) and the equivalence classes of ~k (dotted 
lines), where k is the boundary edge at the top of the hexagon. 



as they are obtained from one another by exchanging Ej and c,j, then these 
triangulations have the same image by A*^. 

Now assume that j ^ 7k ('0)- In this case, quadrilateral q has at most one 
vertex in k. Hence, Af^{q) is still a quadrilateral, and the restriction of to 
q is strictly increasing. It follows that the images of Si and q by yl^ are the 
diagonals of A^[q). For the same reason, A^ maps the boundary edges of q 
onto the boundary edges of A^{q). As ^{j) contains all the boundary edges 
of q, this shows that A^((,j) is the link of AK,{£j) in yl* o Now observe 

that A*^ o ip^j + 1) is obtained from yl* oip(j) by replacing Ai^{ej) with 
Therefore, these two triangulations are adjacent. 

Hence, one can build a path (j) from A*{U) to A%{V) that successively visits 
triangulations where i ranges from to k, skipping the elements of 

7„(V'). As a consequence, path </> has length k — |7k(V')|- □ 

Theorem |4] can be considered as the most important result of the section 
because it relates the flip distance of two given triangulations with that of two 
other triangulations with less vertices. A more general result on flip-graphs can 
be obtained from the main arguments in the proof of this theorem. Indeed, 
consider an edge k on a polygon tt and denote U ~k V whenever two triangu- 
lations U and y of TT have the same image under A^. Observe that this defines 
an equivalence relation ^„ on r(7r). When n is contracted, any two triangu- 
lations that are equivalent under this relation are changed into their common 
image by A^. Moreover, as shown in the proof of theorem [4j this contraction 
preserves the adjacency of any two triangulations that are not equivalent un- 
der It immediately follows that the flip-graph of At^^n) is isomorphic to 
the graph obtained contracting every element o/T(7r)/~K the flip-graph ofn. 
This property is illustrated in figure [T] in the case of the hexagon. In this figure 
the flip-graph of this polygon is represented using solid lines and its fourteen 
triangulations are explicitly depicted as the vertices of this graph. The dotted 
lines show the five elements of t{-k)/'^k., where n is the boundary edge at the 
top of the hexagon. As can be seen, it is implicitly assumed that k, is not the 
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edge whose vertices are the smallest and the greatest elements of the hexagon, 
otherwise ~k would admit a unique equivalence class. One can see that con- 
tracting the elements of T(7r)/'^„ in the flip-graph of the hexagon results in 
a simple cycle whose vertices are the five triangulations of the pentagon and 
whose edges correspond to the flips between these triangulations. While this 
property will not be explicitly needed in the following, it provides intuition on 
the meaning of theorem |4j 

4.3 Further inequalities on flip distances 

For any two triangulations U and V oi a, polygon tt, denote by ■(?„({[/, V}) the 
maximal cardinality of 7k (i/') over all the minimal paths tp between U and V . 
The following inequality on flip distances is a consequence of theorem |4] 

Corollary 1 For any pair P of triangulations of a polygon tt and any edge k 
on TT, 6{P) >6oAUP)+^.{P)- 

Proof Consider a pair P of triangulations of a polygon tt and an edge k on vr. 
By definition, there exists a minimal path ip between the two triangulations 
in P so that Jk.{iP) has cardinality i}f^{P). It then follows from theorem [4] that 
there exists a path of length S{P) — ^k.{P) between the two triangulations 
in pair A^{P). Hence, minimal paths between these two triangulations have 
length at most S{P) — di^{P), which completes the proof. □ 

Consider a pair P of triangulations of a polygon tt. One can see that corol- 
lary [l] provide better lower bounds on 5{P) when map 1?^ takes large values 
for some edge k on tt. If, however, this map only takes small values, then one 
can obtain alternative arguments as, for instance, the following theorem: 

Theorem 5 Let U and V be two triangulations of a polygon n, ip a minimal 
path of length k from U to V , and k an element of j3* (tt) . // 7^ {ip) admits a 
unique element j , then the following three assertions hold: 

i. For all i G i(j + 1), A(k, ■(/'(*)) *s equal to A(k, U), 
a. For all i £ L{k + 1)\ L{j + 1), A(k, = A(k, V), 

Hi. A(k, U) U A(k, V) belongs to ip{j) and to ■00 + 1)- 

Proof Assume that j is the unique element of 7k (V')- Denote by a and b the 
two vertices of k. As k is a boundary edge on tt, then A(k, U) and A(k, U) 
each contain exactly one element, respectively denoted by c and d. As 7k (V') 
is non-empty, lemma [5] states that c ^ d. 

Since tp is a. minimal path from U to V , then its restriction (/> to i(j -I- 1) is 
a minimal path from U to ip{j) and its restriction to + 1) \ t(j + 1) induces 
a minimal (p' from ipd + 1) to V . As j is the only element of 7k(V'); then ^niP) 
and 7k ((/!'') are both empty. It then follows from lemma [5] that the links of e in 
V'O) and in ^{j are respectively {c} and {d}. Hence edges {a, c} and {6, c} 
both belong to triangulations U and V'O)- As is a minimal path between 



The diameters of associahedra 



13 



these triangulations, it follows from lemma |3] that {a,c} and {b,c} are edges 
of ^/'(i) for all i S t(j + 1). As a consequence, for any such value of i, the link 
of e in Tp{i) is {c}, and the first assertion is proven. 

Similarly, edges {a,d} and {b,d} both belong to triangulations + 1) 
and V. As 0' is a minimal path between these triangulations, one obtains from 
lemmajsjthat for all i € iik + 1) \ t(j + 1), triangulation contains {a,c?} 
and {6, d]. Hence, the link of e in is {d] for all i E i{k + 1) \ i{i + 1), and 
the second assertion follows. 

It has been shown that the links of {a, 6} in V'(j) ^-nd in ■(/'(j + 1) are 
respectively {c} and {d}. As c 7^ d, the flip that transforms -00) onto ■(/'(j + 1) 
exchanges the diagonals of quadrilateral {a, 6, c, d}. Therefore, all the boundary 
edges of this quadrilateral belong to -0^') and to + !)• In particular {c, c?} 
is an edge of these two triangulations, which proves the third assertion. □ 

Consider a polygon tt, an element k of /?*(7r), and a minimal path ■0 between 
two triangulations of tt. Theorem [s] states that, if 7k('0) is a singleton, then 
each triangulations visited along path -0 contains given edges. Because of the 
placement of these edges, and since two edges of a triangulation are necessarily 
non-crossing, one can invoke theorem [s] to obtain lower bounds on map d^: 

Corollary 2 Let U and V he two triangulations of a polygon n. If k and v 
are two elements of (3*{tt) so that there exist x € k and y € v satisfying: 

i. {x} U A(k, U) crosses [v \ {y}] U A(-l', V), 
ii. {y} U \{v, U) crosses [k \ {x}] U A(k, V), 
Hi. A(u, U) is not a subset of {x} U A(k, U), 

then the images of {U, V} by maps 19^ and d^ are not both less than 2. 

Proof Consider two edges k and v in /3* (tt) , and two vertices x and y of these 
respective edges that satisfy the assertions in the statement of the corollary. 
It follows from the first two assertions that k has distinct links in U and in 
V. Otherwise, {x} U A(k, U) and [v \ {y}] U X{v, V) are two crossing edges 
contained in V. For the same reason, v has distinct links in U and V. 

Consider a minimal path -0 from U to V. As edges k and v both have 
distinct links in triangulations U and V, it follows from lemma [s] that 7k (0) 
and 7i,('0) are non-empty. It will be shown indirectly that one of these two sets 
admits more than one element. Assume that 7k(0) contains a unique element 
j and that 7u('0) contains a unique element I. According to theoremjs] the link 
of K in tp{i) is equal to A(k, U) for all i G t(j -I- 1). Hence, edge {x} U A(k, U) 
belongs to 0(i) for all i £ t(j -I- 1). One obtains from similar arguments that, 
{y} U X{v, U) is an edge of 0'(i) for all i E b{l + 1). Theorem [5] further states 
that 0(j -I- 1) and '4>{l + 1) respectively contain edges [n \ {x}] U A(k, V) and 
[v \ {y}] U A(u, V). As the edges of a triangulation are non-crossing, it follows 
from the first assertion that j < I and from the second one that I < j, which 
proves that j and I are identical. 

It has been shown in the last paragraph that edges {x} U A(k, U) and 
{y} U X{v, U) both belong to 0(j) and that edges [k, \ {a;}] U A(k, V) and 
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[v \ {y}] U X{v, V) both belong to ^{j + 1). Hence, according to the first two 
assertions in the statement of the corohary, {x} U A(k, U) and {y} U X{v, U) 
are edges of that each cross an edge of + !)■ As V'(j) and -00 + 1) 
are adjacent, this shows that: 

{x}UA(«,[/) = MuA(u,f/). 

This equahty contradicts the third assertion in the statement of the corol- 
lary, providing an indirect proof that at least one of the two sets 7k (f/') and 
Jvi'tp) has more than one element. It immediately follows that the images of 
pair {U, V} by z9„ and 'd^ cannot both be less than 2. □ 

Under stronger conditions on triangulations U and V, the statement of 
corollary [2] can be simplified. The following weaker form of this corollary will 
actually be invoked most frequently in the remainder of this article: 

Corollary 3 Let U and V be two triangulations of a polygon tt, and a, b, and 
c three vertices of this polygon. If the following asssertions hold: 

i. {a, 6} and {6, c} belong to /?*(7r), and {a, c} is an edge of V , 
a. X{{a,b},U) and X{{b, c},U) are distinct subsets of n \ {a, c}, 

then the images of {U, V} by i9{a,b} o,nd iS^^.c} o.tc not both less than 2. 

Proof Assume that U and V are two triangulations of a polygon tt, and that a, 
6, and c are three vertices of tt satisfying the two assertions in the statement of 
the corollary. Since {a, b} and {b, c} both belong to /3*(7r), any edge on tt that 
admits 6 as a vertex and whose other vertex belongs to tt \ {a, c} necessarily 
crosses {a, c}. In particular, edges {6}U A({a, 6}, U) and {6}UA({6, c}, U) both 
cross edge {a, c}. In addition, as {a,c} belongs to V then the hnks of edges 
{a, 6} and {b,c} in this triangulation are respectively {c} and {a}. Hence, 
calling K — {a, b}, v — {b, c}, x — b, and y = b, the first two assertions in the 
statement of corollary [2] hold. 

By hypothesis, A({a, b}, U) and A({6, c}, U) are distinct. As these two links 
are singletons, they are therefore disjoint. Moreover, A({6, c}, U) is also disjoint 
from {5}. Hence, according to the notations chosen above, A(w, U) cannot be 
a subset of {a;} U A(k, U). In other words, the third assertion in the statement 
of corollary l2| also holds. It then follows from this corollary that 'd{a.b}{{U, V}) 
and '0{b.c}{\U, V}) are not both less than 2. □ 

A triangle {a, 6, c} satisfying the first assertion in the statement of corollary 
[3] is sometimes called an ear of triangulation V. In fact, the usual definition 
of ears is slightly less restrictive. It is well known that any triangulation of a 
polygon admits at least one ear. The following proposition is closely related to 
this existence property. Its straightforward proof is provided nonetheless be- 
cause of the difference between the first assertion in the statement of corollary 
in and the usual definition of ears: 
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Proposition 4 Let n be a polygon and T a triangulation of n. There exist 
three vertices a, b, and c of it so that edges {a, &} and {b,c\ belong to I3*{t:) 
and edge {a, c} belongs to T. 

Proof The proposition is proven by induction on |7r|. If tt has cardinahty 3, 
then the resuh immediately follows by calling a, b, and c the vertices of tt with 
the requirement that a < b < c. 

Now assume that the result holds whenever tt has cardinality at most fc, 
where A: is a given integer greater than 2. Further assume that tt has fc + 1 
elements. In this case, T admits at least one interior edge. Let k be an interior 
edge of T. As k is not a boundary edge of T then 3 < |Kn7r| < k. In particular 
K n TT is a polygon. Since k belongs to T, the edges on k n tt that belong to T 
form a triangulation U of kHtt. Hence, by induction, there exist three vertices 
a, 6, and c of tt so that edges {a, b} and {6, c} belong to /3*(Kn tt) and edge 
{a, c} belongs to U. As f3*{Kr) tt) and U are respectively a subset of P*{tt) and 
a subset of T, the result follows. □ 

This proposition will be used in the proof of the next theorem, that states 
additional lower bounds on the flip distance of two triangulations with given 
properties. These bounds are obtained by carrying out a well-chosen sequence 
of contractions in these triangulations, and by invoking corollary |3] between 
each of these contractions. Recall that (3* was exclusively defined on poly- 
gons. In order to avoid unnecessary technicalities when stating the following 
theorem, f3*{e) has to be defined when e is an edge on Z as the set {e}. 

Theorem 6 Let U and V be two triangulations of a polygon tt. If k is an edge 
ofVso that: 

i. For all e G /3*(k Pi tt), A(£, U) is disjoint from k U A(k, V), 
a. Distinct elements o//3*(7cn7r) have distinct links in U, 

then 6{{U, V})>So A*{{U, V}) + 2\k n tt] 3. 

Proof Consider an edge n ofV that satisfies the two assertions in the statement 
of the theorem. The result will be obtained by induction on the cardinality 
of K n TT. Observe first that, if 7« n tt has exactly 2 elements, then k is the 
unique element of j3*{Kr) tt). Hence, according to the first assertion, its links 
in triangulations U and V are disjoint. In this case, it follows from lemma [5] 
that 'df^{{U, V}) is positive and, in turn from lemma [l] that: 

S{{U,V})>6oAU{U,V}) + l. 

As 2|Kn 7r| — 3 is precisely equal to 1 in this case, then the result follows. 
Now assume that k is an integer greater than 1 so that the result holds HkOtt 
has cardinality fc. Further assume that k (1 tt contains fc -I- 1 elements. As k 
is an edge of V, then some triangulation T of k H tt is found as a subset of 
V. Observe that kOtt has at least three vertices. Hence it is a polygon and, 
according to proposition |4j it contains three vertices a, 5, and c so that edges 
{a, b} and {b, c} belong to 13* {k n tt) and edge {a, c} belongs to T. 
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According to the second assertion, {a, 6} and {b,c} have distinct hnks in 
U, and according to the first one, these hnks are subsets of 7r\ {a, c}. Hence, it 
follows from corollary [s] that the images of {U, V} by i?{a,b} and i^{6,c} are not 
both less than 2. Denote by edge {a,b} or edge {b,c} with the requirement 
that ■di;{{U,V}) is not less than 2. In this case, corollary [l] yields: 

SmV})>6oA*{{U,V}) + 2. (5) 

Now observe that k and <j are distinct. Indeed, 6 is a vertex of <; that does 
not belong to k because it is strictly between two vertices of k (i.e. a and 
c). In addition, A*{V) = A^{V \ {<;}) because <; is the only edge on tt that 
belongs to V. Hence, the image of k by is an edge of A*{V). Denote by v 
this edge. As is an element of /3*(k n tt), then map A^ induces a bijection 
/?*(Kn7r)\{^} (3*{vr]TT) and another bijection 7r\K — )• A^{n)\v. In addition. 
At; precisely maps k to U and A(k, V)\k to X{v,A*{V)) \ v. Hence, the two 
assertions in the statement of the theorem still hold when one replaces k, U, 
and V by respectively v, A*{U), and A*{V). As belongs to /3*(7c fl tt), then 
V Htt has cardinality |k H vrj — 1, and by induction: 

6oA*{{U,V}) >SoAloA*{{U,V}) + 2\Kmr\-5. (6) 

Finally observe that, by construction, A^ o A* coincides with yl*. As a 
consequence, combining inequalities ([5| and Q completes the proof. □ 



5 Injecting a triangulation into another one 

It is shown in this section that transporting a pair of triangulation from a 
polygon to another one in an adequate manner preserves flip distance. Recall 
that, following proposition [l] the image of a triangulation by a boundary- 
preserving map remains a triangulation. As a direct consequence, composing 
a path with a boundary-preserving map results in a path: 

Proposition 5 Let a be a boundary-preserving bijection from a polygon tt 
onto another polygon. If ip is a path between two triangulations U and V of t: 
then aoTp is a path between a{U) and a{V). 

Proof Let ip a minimal path of length k between two triangulations U and V 
of TT. Consider an integer i in i(fc). According to proposition [Tj a o ^{i) and 
ao -\- 1) are two triangulations of a(7r). Call e and <; the two edges on tt so 
that + 1) is obtained replacing e in ip{i) by <r. It follows that a o + 1) 
is obtained replacing a{e) in a o ipi^i) by a{<;). As a is boundary-preserving, 
the images of s and by a are crossing edges, which proves that a o ^{i) 
and a o -|- 1) are adjacent. As a consequence, a o is a path between 
triangulations a{U) and a{V). □ 

It follows from this proposition that two triangulations of a given polygon tt 
have the same flip distance as their images by a boundary-preserving bijection 
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from TT onto another polygon. One can generalize this result by considering 
maps that inject triangulations of tt into triangulations of another polygon, 
instead of just boundary-preserving bijections. The following lemma states 
that, not only flip distances are preserved by such maps, but also the values 
of for any edge k in /3*{tt): 

Lemma 6 Let U and V be two triangulations of a polygon tt and a a boundary- 
preserving bisection from tt onto a polygon a(7r). If U' and V are two trian- 
gulations of a polygon tt' satisfying: 

i. a{U) is a subset of U' , 

ii. ol{V) is a subset ofV', 
in. U'\a{U) = V'\a{V), 

then pairs {U, V} and {U' , V'} have the same flip distance, and for any edge 
K m fi*{TT), d^{{U,V}) IS equal to ({[/', F'}). 

Proof Assume that U' and V are two triangulations of a polygon tt' so that 
the three assertions in the statement of the lemma hold. As a is a boundary- 
preserving bijection from tt onto a(7r) then, according to proposition |4j the 
map obtained composing a path between U and V with a is a path between 
triangulations a{U) and Ci{V). 

As a{U) is a triangulation of Q:(7r), it further follows from the first state- 
ment that removing every edge of a{U) from U' and replacing them by the 
edges of another triangulation of a(7r) results in a triangulation of tt'. Hence, 
according to the third statement, \i ip is a, path of length k from U to V , then 
one can build a path of length k from U' to V by taking the union of the 
triangulations along path aoijj with set U' \a{U). 

In fact every minimal path from [/' to V' is equal to '0 for some path ip 
from U to V. Indeed, according to the first two statements, U' and V both 
admit a triangulation of a(7r) as a subset. Hence, U' and V both contain 
all the boundary edges of a(7r). If further follows from the third statement 
that U' and V both admit U' \ a{U) as a subset. Lemma [s] states that, in 
this case, (3 o a(7r) and U' \ a{U) are subsets of every triangulation visited 
along any minimal path from U' to y. As a consequence, every flip in such 
a path replaces an interior edge on a(7r) by another interior edge on a(7r). In 
particular, every minimal path from U' to V' is necessarily equal to ^ for some 
path ij: from UtoV. 

Now observe that -0 and ip have the same length. Therefore, one obtains 
that is a minimal path from U' to V' if and only if i/; is a minimal path from 
U to V. This shows that 5{{U,V}) is equal to 5{{U' ,Vy). Finally, consider 
an edge k in (3* {it). By construction, Jk(jP) and 7a(K)(V') are identical. As a 
direct consequence, i?„({J7, F}) and 'da{K){{U' ,V'}) are also equal. □ 

6 Three pairs of triangulations 

In this section, three pairs of triangulations of polygon are defined. The 
first of these three pairs will be shown in the following sections to have flip 
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distance 2n — 10 when n is greater than 12. The two other pairs will be used in 
the statement of intermediate results. The triangulations contained in the first 
pair are described informally in the following paragraph in order to provide 
some preliminary intuition. 

Consider the triangulations of the hexagon shown in figure [T] The triangu- 
lation in the top left of the figure is made up of three interior edges that share 
a common vertex. A triangulation of this kind will be called a comb. More 
generally, when a vertex v oi a triangulation T is incident to fc > 3 interior 
edges of T, it will be said that T admits a comb with k teeth at vertex v. Now 
consider the the triangulation in the top right of figure [T] The interior edges 
of this triangulation form a simple path whose successive vertices alternate 
between two sides of the hexagon. Such a triangulation is called a zigzag. As 
was the case with combs, zigzags can contain an arbitrary large number of ver- 
tices (see for instance figure [2]), and be found as a part of some triangulation. 
Note that zigzags and combs were already used in the context of binary trees 
in [3] to investigate the same problem. The two triangulations that will be 
shown to have maximal distance will be made up of a zigzag with small combs 
attached at both ends (see figure [s]). These triangulations are not unrelated 
with the binary trees conjectured in |4J to have maximal rotation distance. 
This conjecture will be disproved in the last section, though. 

In the following of the section, zigzags are first formally defined. Combs are 
then introduced at each end of these zigzags by means of two contractions, in 
order to build a pair of triangulations that will be proven maximally-distant in 
the next sections. Two other pairs of triangulations are subsequently defined, 
also by carrying out adequate contractions in zigzags. Several inequalities in- 
volving the flip distances of these three pairs are given throughout the section. 
These inequalities will be needed later in the article. 



6.1 Zigzags 

Let k by an arbitrary relative integer, and n an integer greater than 2. De- 
note by fn{k) the following set of edges on t(n), where = refers to the usual 
congruence relation in the integers: 

fn{k) = {{i,j} C t(n) : i ^ j, i + j = k (mod n)}. 

Further consider the following two sets of edges on i(n): 

r Z-(fc) - U2k - 1) U /„(2fc) U /3(t(n)), 
\ Z+{k) = /„(2fc) U /„(2fc + 1) U /?(i(n)). 

It turns out that these sets, depicted in figure [2j are triangulations: 

Proposition 6 For any integer n greater than 2, and any relative integer k, 
Z^{k) and Z^{k) are triangulations oj i{n). 
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Proof The result is proven by induction on n. First, if n = 3, the boundary 
edges on t(n) are {0, 1}, {1, 2}, and {0, 2}. As there are no other edges on t(n), 
this proves that Z~{k) and Z^{k) are both equal to /3(t(3)) in this case. As 
/3{t(3)) is a triangulation of i(3), the result follows. 

Now assume that Z~(k) and Z^{k) are triangulations of lIji) for some 
integer n greater than 2, and any relative integer /c. It is first shown that: 

= Z-{Q) U {{0,n}, {n, n - 1}}. (7) 

Let I and m be non-necessarily distinct elements of {—1,0}. Consider an 
edge {«, j} that belongs to fn-mil + rn). In this case, i+j is congruent to l + m 
modulo n — m. As the vertices of {i, j} are distinct elements of i(ri — m), their 
sum satisfies: 

1 < i + j < 2(n - to) - 3. 

The only integer congruent to Z + to modulo n — to in this range is n + I 
which shows that i + j = n + I. Hence i + j is congruent to Z — m — 1 modulo 
n + TO+1, showing that edge belongs to /„+m+i(Z — to— 1). One therefore 
obtains the following inclusion: 

fn-m{l + to) C fn+rn + l(l - TO - 1). 

Combining the four inclusions found when I and to take on any possible 
value in { — 1,0} yields: 

/„(-!) U /„(0) = /„+i(-2) U /„+i(-l). (8) 

Now observe that the only boundary edge of i(n) that is not a boundary 
edge of t(n + 1), that is edge {0, n — 1}, belongs to /„(— 1). Hence, following 
the definition of sets Z~{0) and Z^_^-^{—l), equation (|8| states that the first 
of these sets is a subset of the other. In addition, the oiuy two boundary edges 
of i{n + 1) that are not a boundary edges of i(n) are {0, n} and {n — l,n}. 
Equation ^ therefore follows from ([s]). As {0, n} and {rt — 1, n} are boundary 
edges on t{n + 1), then they do not cross any edge on i{n + 1). Moreover, Q 
states that 1) as exactly two more edges than Z~{0). By induction, 

Z~{0) is a triangulation and it follows from proposition [2] that Z,^_^j^(0) is also 
a triangulation. 

Finally, as for any relative integer k, Z^^-j^{k) and Z^j^^{k) can be obtained 
from 1) by boundary-preserving permutations of i(n + 1), it follows 

from proposition [1] that these two sets are triangulations. □ 

Triangulations Z^{k) and Z^{k) are depicted in figure [2] depending on the 
parity of n. One can see that the interior edges of these triangulations are 
arranged as a zigzag that starts near the vertex of t(n) congruent to k and 
ends near the vertex of L{n) congruent to fc + [n/2j. Note, however, that the 
way this zigzag ends depends on the parity of n. In particular, if n is even then 
Z~{k) and Z^{k) respectively coincide with Z~{k + n/2) and Z^{k + n/2). 
If, on the other hand, n is odd, then Z~{k) and Z:^{k) are respectively equal 
to Z^{k + [n/2j) and to Z~{k + [n/2]). This observation will be important 
for the construction of a maximally distant pair of triangulations. 
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n even Zn{k) n odd n even Z^i(k) n odd 




n. The interrupted edges show that the length of each zigzag is arbitrary. 

6.2 A first pair of triangulations 

Two triangulations are now built using two successive contractions will at 
the ends of zigzags. Each of these contractions will introduce one comb with 
either three or four teeth. Recall that contracting an edge in a triangulation 
decreases the number of its vertices. Hence, in order to build triangulations of 
t(n), these contractions will be carried out in triangulations of i{n + 4). Let n 
be an integer greater than 2. Consider the two following edges on t(n + 4): 

£ = {ln/2\ - 1, ln/2\ + 1} and ^ ^ {ln/2\ + 2, [n/2j +4}. 

One can define two triangulations W~ and of i{n) by performing the 
following sequences of contractions in Z~^^{0) and in Z^_^_^{—1): 

W- = A* o ^|„+i,„+3}(^n+4(0)) and W+ = Al,^^^ o A*{Z-^^{^1)). 

Observe that each of these contractions removes two vertices. Triangula- 
tions W~ and are depicted in figure [s] when n is greater than 8. It can 
be seen that, for such values of n, the contractions of e and will produce 
two combs respectively at vertex [n/2j — 1 in W,7 and at vertex [n/2j in 

whose numbers of teeth (three or four) depend on the parity of n. The 
contractions of {0, 2} and {n + l,n + 3} always respectively result in a comb 
with four teeth at vertex in and in a comb with three teeth at vertex 
n — 1 in W~ . When n is greater than 9, the two combs contained in either 
of these triangulations are connected by a zigzag, and when n = 9, these two 
combs have a common tooth. When n is less than 9, the combs in W~ and 

loose teeth, or even disappear. Indeed, if n = 3, then W~ and are 
both equal to the unique triangulation of t(3) made up of a single triangle. 
Triangulations W~ and are depicted in figure [4] when 4 < n < 8. It will 
be shown in section [s] that W~ and have flip distance 2n — 10 when n is 
greater than 12. Consider the pair made up of these two triangulations: 

A,, = {W~,W+}. 

While an accurate depiction of these triangulations requires a disjunction 
on the value of n, some properties of and hold whenever n is greater 
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n even W„ n odd n even Wn n odd 




interrupted edges show that the length of each zigzag is arbitrary. 



than 4. A such property wiU now be used to obtain a first lower bound on 
d{An)- Assume that n is greater than 9 and call v = {n ~ 2,n — 1}. Now, con- 
sider triangulation W~ , shown in figure [s] Contracting edge v in this triangu- 
lation maps vertex n—1 to vertex n — 2. Hence, the triangulation A*{Wj^) that 
results from this contraction has a comb with four teeth at vertex n—2. Fur- 
ther observe that A*{W^) is the image of W^_^ by the boundary-preserving 
permutation a of (.(n — 1) that exchanges and n — 2: 

TT — ^ TT, 

a : . r, ■ 

I 1^ n — 2 — t, 

where tt = i(n — 1). Note in particular that a maps the comb at vertex 
[(n — 1)/2J in triangulation Wjl_i to the comb at vertex [n/2j — 1 in tri- 
angulation A*{W~). 

Similarly, contracting edge v in triangulation W^l maps vertex n — 1 to 
vertex n — 2. The comb at vertex therefore loses a tooth in the triangulation 
that results from this contraction. In other words, triangulation A*{W^) has 
a comb with three teeth at vertex 0. In fact, it can be seen in figure[3]that this 
triangulation is the image of W,7-i t>y o:- Hence, when n is greater than 9, 

AUW~) = a{W+_,) and AliW+) = a{W-^,). 

It can be checked using figure |4] that these equalities still hold when n 
ranges from 4 to 9. As a consequence. 

Theorem 7 Let n be an integer greater than 3. If '&{n-2,n-i}{An) is not less 
than 2, then S{An) > d{An-i) + 2. 

Proof Denote v = {n — 2,n — 1} and assume that i?^,(j4„) > 2. According to 
corollary [T] the following inequality holds: 

SiAn)>SoAUAn) + 2. (9) 

It turns out that the right-hand side of this inequality is precisely equal 
to S{A„-i)+2. Indeed, consider the boundary-preserving permutation a of 
i(n — 1) that exchanges and n — 2. Recall that the two elements of pair A„_i 
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Fig. 4 Triangulations Wn and Wn when n ranges from 4 to 8. 



are W^_i and W,^_]^. One can check using figures [s] and |4] that the images of 
these triangulations by a are respectively equal to the images of W+ and 
by A*. Hence, lemma [6] yields: 



The result is obtained by combining ^ and ( 10 ) 



(10) 



Theorem [t] is a (small) step towards obtaining a lower bound of the form 
2n + 0{1) on the flip distance of pair An- Observe that the contraction used 
in its proof can be iterated in order to bound S{An) below using S{An-k) for 
some positive integer k less than n — 2. In particular, if n is greater than 4, then 
successively contracting edges {n — 2, n — 1} and {0, 1} in triangulations Wr 
and directly results in respectively W~_2 and W^_2 (see figures ^ and W| . 
Now observe that the order of these two contractions can be reversea without 
changing the result, provided edge {n — 3, n — 2} is contracted instead of edge 
{n — 2,n — 1} (recall that ^{0,1} decreases by 1 all the positive integers in 
i(n)). In other words, contracting edge {0, 1} first and then edge {n — 3, n — 2} 
in triangulations W~ and W+ also respectively results in W~_2 and W^_2- 
One obtains the following theorem as a consequence: 

Theorem 8 Let n be an integer greater than 7. If 1!) [0,1} i^n) is not less than 
3, then (5(A„) > S{An-2) +4. 

Proof Denote k — {0, 1} and v — {n ~ 3,n ~ 2}. Assume that ^/^{An) > 3. 
According to corollary [T] the following inequality holds: 



SiA,,)>doAliA^) + 3. 



(11) 



Recall that the two elements of pair An are W~ and W^- One can see 
in figures [s] and [4] that the links of edge {n — 2, n — 1} in W~ and are 
respectively {3} and {0} when n is greater than 7. When k is contracted in 
triangulations and , every positive integer in t(n) is mapped to its 
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n even Y„ , X„ n odd n even Yr^ n odd 




Fig. 5 Triangulations Y^T (left) and (right), depicted in soUd lines depending on the 
parity of n. Triangulation , obtained by flipping edge {4,6} in Y^ is sketched using 
dotted lines. The interrupted edges show that the length of each zigzag is arbitrary. 



immediate predecessor. Hence, yl^ maps edge {n — 2, n — 1} to v. In addition, 
the link of v in yl*(W^) is still {0} and its link in A*{W~) becomes {2}. 
As these two links are distinct, it follows from lemma [s] that -d^ o yl*(A„) is 
positive and corollary [l] yields the following inequality: 

doAl{A,,)>6oAloA*^{An) + l. (12) 

One can see in figures [3] and |4] that successively contracting k and then v in 
W~ and respectively results in triangulations M^~_2 W^_2- As pair 
An-2 is precisely made up of these two triangulations, the right-hand side of 



inequality ( 12 ) simplifies to 6{An~2) + 1 and the result is immediately obtained 



by combining (11) and (12). □ 



6.3 Two more pairs of triangulations and a result on flip distances 

If the conditions in the statements of theorem [t] (i.e. t^{n-2,n-i} (^n) > 2) and 
theorem [S] (i.e. ^?{o,i}(^n) > 3) never fail together, then the flip distance of 
An admits a lower bound of the form 2n + 0(1). No argument is available, 
though, to prove that these conditions are necessarily met. In order to work 
around this missing argument, it will be shown (theorem 12 in section [7| that 



a more elaborate recursive lower bound holds when n is greater than 12. This 
bound will be obtained from a careful study of minimal paths between the 
two triangulations of yl„ under the assumption that '&{n-2.n-i}i^n) l£ 1 and 
??{o,i} (An) < 2. This study will rely on the two auxiliary pairs of triangulations 
Bn and C„ that are now introduced. 

Assume that n is greater than 7. In this case, \n/2] + 7 < n + 3. Hence, 
one can define two interior edges on t(n + 4) by: 

e = { [n/2] + 4, rn/2] + 6} and ^ = { \n/2\ + 5, [n/2] + 7}. 

Two triangulations of t(n) can be built by carrying out the following con- 
tractions in triangulations Zn^^{5) and Z^^^i^): 

Y- = yl^e^sj o A^Z+^M) and Y+ - ^^3^5} o A*{Z+^,i2)). 
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Triangulations Y~ and are shown in figure [5] In this figure, the dotted 
edges depict a variation of Y~ that will be introduced below. One can see that, 
when n is greater than 8, the two contractions carried out for the construction 
of Y~ introduce two combs at vertices 6 and [n/2] — 1 connected by a zigzag. 
The first of these combs always has three teeth, and the other one has three 
or four teeth depending on the parity of n. If n is equal to 8, these two combs 
merge into a single one with five teeth at vertex 6, depicted in the left of figure 
10 For any integer n greater than 7, one can see in the left of figure[5]that Y^ 



admits two combs at vertices 3 and [n/2] + 3. The comb at vertex 3 always 
has three teeth, and the other one has three or four teeth depending on the 
parity of n. It can further be seen in figures [s] and [s] that Y^ is the image of 
W~ by a boundary-preserving map. 

Observe that edge {4, 6} always belongs to F^. The triangulation obtained 
by flipping this edge in Y~ will be denoted by : 

x--5({o,2},r-). 

Hence, triangulation differs from Y~ by exactly one edge depicted as 
a dotted line in figures [5] and [Toj For any integer n greater than 8, consider 
the two following pairs of triangulations of 

i?„ = {Y-,Y+} and C„ = {X-,Y+}. 

It is now shown that, if the conditions on '!?{n-2,ri-i}(^n) and ?9{o,i}(^n) 
in the statements of theorems [7] and [S] fail together, and if n is greater than 8, 
then there always exists a pair P of triangulations of t(n — 1) so that 6{An) is 
not less that 6{P) + 3. According to the following theorem, it can be required 
that pair P is either equal to or to Cn~i and that the image of P by 

'^{3,4} is not greater than 1: 

Theorem 9 Let n be an integer greater than 8. // the images of An by maps 
^{n-2.n-i} '^i^d, ^{0^1} are less than respectively 2 and 3, then there exists 
P G {-B„_i,C„_i} so that 5{An) = S{P) + 3 and '&{3^4}{P) is less than 2. 

Proof Denote k — {0, 1} and v — {n — 2,n — 1}. Assume that ^/^{An) < 2 
and that i?u(A„) < 1. Consider a minimal path ip of length k from W~ to 
. Since 'i?i,(A„) < 1, set 'jvi'ip) contains at most one element. In fact, it 
contains exactly one element. Indeed, as n is greater than 8, the links of v in 
triangulations W~ and are respectively {3} and {0} (see figure [s]). Since 
these two links are distinct, it follows from lemmajsjthat ^v{^) is non-empty. 
Hence, it admits exactly one element j. In this case, according to theorem [5] 
edge {0,3} belongs to and to i/'O + !)• Moreover, as all the boundary 
edges of quadrilateral {0, 1,2,3} other than {0,3} are also boundary edge of 
Tpij), then the following inclusion holds: 

/?({0,1,2,3}) C7/^(j). 

As a consequence, V'(i) necessarily contains exactly one diagonal of quadri- 
lateral {0, 1, 2, 3} (i.e. edge {0, 2} or edge {1, 3}). Respectively denote by e and 
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n even £={1,3} n odd n even £={0,2} n odd 




Fig. 6 Left: the triangulation obtained by successively flipping edges {2, n — 1}, {hn — 1}, 
and {3, n — 1} in Wn , corresponding to the case £ = {1, 3} in the proof of theoremtel Right: 
the triangulation obtained by successively flipping edges {1, n — 1}, {2, n— 1}, and {3, n— 1} 
in Wn , corresponding to the case e = {0, 2} in the same proof. 



e' these two diagonals with the convention that e S ipij) and e' ^ It can 

be seen in figurejsjthat e and e' are the hnks of edges {1, n — 1} and {2, n — 1} 
in triangulation W~ . Denote by <j and <r' these two edges of W~ with the 
requirement that e and e' are the respective links of <^ and <j' in W~ . 

Consider edges e, {0, 3}, and {0, n — 2}. One can see in figure [s] that these 
three edges are precisely introduced in this order when successively flipping 
■^'j and {3, n — 1} in W~ . It has been shown in the preceding paragraphs that e 
and {0, 3} respectively belong to triangulations and + 1). In addition, 
{0, n — 2} is an edge of ip{k). As j < j + 1 < k, then according to theorem [sj 
it can be assumed without loss of generality that <j, , and {3,n — 1} are the 
first three edges flipped in this order along path ?/;. In other words, 

^(1) = V(0)), V(2) = V(l)), and V(3) = ?({3, n - 1}, ^-(2)). 

Triangulation ip{3) is shown in figure [6] for the two possible values of e. 
According to the construction of "0(2), and j is equal to 2. In 

addition, 7k(V') either contains (if £ = {0,2}) or 1 (if e = {1,3}). As a 
consequence "/k{'4') contains an element of i(3). As in addition, i9k(A„) is not 
greater than 2, then 7k ("0) contains at most one element of i{k) \ t(3). Further 
observe that one can prescribe the triangulations visited by path ip between 
■0(3) and to be those of an arbitrarily chosen minimal path from V'(3) 
to Wjf. As 'Jk.{4') contains at most one element greater than 2, the following 
inequality is obtained as a consequence: 

d,i{m,w+})<i (13) 

Now consider the boundary-preserving permutation a of i{n — 1) that de- 
creases by 3 the elements of t(n — 1) \ t(3). In other words, a is defined as 
follows on every integer i in L{n — 1): 

_ ( n-A + i if0<i<2, 
^ ' { i — 3 otherwise. 
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It can be seen in figures [3]and[5]that a{Y+_^) is a subset of and that 
the elements of \ a{Y^_^) are edges {0, n — 1} and {n — 2, n — 1}. Call: 



U : 



Y-_, if £ = {1,3}, 
X-_, if £ = {0,2}. 



One can see in figures [5] and [6] that in both cases, the image of J7 by a is 
a subset of V'(3), and that the set obtained by removing the elements of a(C/) 
from ^^(3) is made up of edges {0, n — 1} and {n — 2, n — 1} (dotted in figure 
[6]). Further observe that a maps {3,4} to k. Hence, denoting by P the pair 
{U,Yj'^_i}, it follows from lemmapl that: 

6{{m,W+}) = SiP) and ^,({^(3), W^+}) = ^?{3.4}(P). 

As -0 is a minimal path from W^^ to W^, the left-hand side of the first 
equality is S{An) — 3, proving that 6{An) = S{P) + 3. Combining the second 



equality with (13 1, one obtains t?{3,4}(-P) < 1- Since P is either equal to i?„-i 



(if s = {1, 3}) or to C„_i (if e = {0, 2}), the theorem is proven. □ 



7 A recursive lower bound on 6 (An) 

The conditions on i^{„_2.n-i} (^n) ^^nd on '!9{o,i}(^n) i^i theorems [7| 
are complementary. Combining the inequalities provided by these t 
one therefore obtains the following lower bound on 6{An): 



and [9] 

icorems, 



Proposition 7 For any integer n greater than 8, 

5(A„) > min({(5(A„_i) + 2, 5(A„_2) + 4, ^(B„_i) + 3, ,5(C„_i) + 3}). 

This inequality is improved in this section into a recursive lower bound on 
5{An), obtained bounding d{Bn) and (5(C„) below by respectively (5(A„_5) + 9 
and S{An-4) + 7 whenever n is greater than 11. These two bounds will be 
obtained under the respective assumptions that the images of i?„ and C„ 
by ^^{3.4} a-re less than 2. Note, though, that according to the conclusion of 
theorem [9j these assumptions are not restrictive. 



7.1 A lower bound on the flip distance of i3„ 

The bound on S{Bn) is first obtained by invoking theorem |6] for the successive 
contractions of edges {4,6} and {0,3}. The following lemma corresponds to 
the first of these contractions: 

Lemma 7 Let n be an integer greater than 11. // 1^(3,4} (Sn) is less than 2, 
f/ien 5(B„) > (5 o vl* gj(B„) + 4. 
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Proof Assume that ^?{3,4}(-Bn) < 1 and recall that the two elements of i?„ are 
Y~ and Y^. Let tp he a, minimal path from Y~ to Y^ . As 'd{3A}{Bn) < 1, 
then 7(3,4} ('0) contains at most one element. As can be seen in figure [sj the 
links of {3,4} in triangulations Y^^ and Y^ are respectively {6} and {n — 1}. 
As n is greater than 11, these links are distinct and it follows from lemma [s] 
that 7(3,4} (V') contains exactly one element, say j. Denote: 

P = {Y-,ij{j + 1)} and Q = {^P{j + 1), Y+}. 

According to the triangular inequality: 

S o ^{4,6} (^) + S ° ^{4,6} (Q) > S o /l^4,6}(5n)- (14) 

Observe that the restriction of ip to L{j + 2) is a minimal path between 
the two triangulations in pair P. As j is the only element of 7(3,4} (V')i it 
then follows from the two first assertions in the statement of theorem [s] that 
edges {3, 6} and {4, n — 1} respectively belong to 'ip{i) and + 1). As these 
edges are crossing, and as -00) and ^(j + 1) are adjacent, then, + 1) is 
obtained replacing edge {3, 6} in ^(j') by edge {4, n — 1}. Further observe that 
quadrilateral {3, 4, 6, n— 1} contains the two vertices of edge {4, 6}. This shows 
that j belongs to 7(4,6} ("0) and therefore that i9(4 g}(P) > 1. One then obtains 
the following inequality from corollary [l] 

5{P)>5oA\,^,^{P) + l. (15) 

Recall that + 1) is obtained replacing edge {3,6} in 0(j) by edge 
{4,n — 1}. Hence, all the boundary edges of quadrilateral {3,4,6,n — 1} as 
well as its diagonal {4,n — 1} belong to + 1). In particular, the link of 
{4,6} in + 1) is {5,n — 1}. Now consider the comb at vertex \n/2\ + 3 
in triangulation Y^ , depicted in the right of figure [5] As n is greater than 11, 
then the following inequality holds: 

\ji/2\ + 3 < n - 3. 

One can see in figure [s] that, in this case, the links of edges {4, 5} and {5, 6} 
in triangulation are respectively {n— 2} and {n — i}. This shows that {4, 5} 
and {5, 6} have distinct links in Yp^ and that these two links are also disjoint 
from that of edge {4,6} in triangulation + 1). Hence, the conditions of 
theorem[6]are satisfied if one respectively replaces J7, V , and n by Y^ ^ ^(^ + 1)7 
and {4, 6} in the statement of this theorem. In this case, k contains 3 vertices 
of t(n) and the following inequality is found as a consequence: 

<5(g) ><5oyl|4 gj(Q) + 3. (16) 



Since "0 is a minimal path, it follows from the definition of pairs P and 
Q that 5{P) + S{Q) is equal to S{Bn). The result is therefore obtained by 
combining inequalities (14 1, (15 1, and ( [l6| . □ 
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n even ^{4.6}(l^i ) n odd n even ^{4.6}(5^i^) " odd 




+1 

Fig. 7 The images of triangulations when n is greater than 11 (left) and when n 
is greater than 15 (right) by map yl^^ gj, depicted depending on the parity of n. 

Denote v = {4, 6}. The images of Y~ and by A* are depicted in figures 
[7]and[8] Note that A*(Y~) and A*(Y^) are triangulations of ^(n — 2), because 
contracting v in t(n) removes two vertices from this polygon. In particular, the 
greatest vertex of these two triangulations is n — 3. One can see that A*(Y~) 
is made up of a zigzag that starts at vertex 4 and ends at vertex [n/2] with 
a comb whose number of teeth depends on the parity of n. 

While the sketch of A*{Y~) in figure [t] precisely shows how this trian- 
gulation is made for any integer n greater than 11, that of A*(Y^) in the 
same figure can only be used when n is greater than 15. Indeed, this sketch 
shows that, for these values of n, triangulation A*{Y^) contains three combs 
at vertices 3, 4, and \n/2] +1 and that the two latter combs are connected 
by a zigzag. If 12 < rt < 15, figure |8] shows that this zigzag disappears as edge 
{4, [n/2] + 1} becomes a common tooth of the two combs at its endpoints. 
The comb at vertex [n/2] + 1 even reduces to a simple zigzag when n = 12. 

Invoking theorem [6] for the contraction of edge {0, 3} in the triangulations 
of pair one obtains the following inequality: 

Lemma 8 For any integer n greater than 11, 

^ ° ^{4,6} (-Sn) > S o yl|o,3j o 71^4^6} (B„) + 5. 

Proof Consider an integer n greater than 11, and denote v = {4,6}. One can 
see in figure [7] when n > 16 and in figure [8] when 12 < n < 15 that the link of 
{0, 3} in A*{Y^) is always {1, n — 3} (recall that A*{Y^) is a triangulation of 
t(n — 2), and that its greatest vertex is therefore n — 3). 

Now consider the comb at vertex [n/2] in triangulation yl*(y,^), shown in 
the left of figure [t] Since n is greater than 11, [n/2] is not less than 6. Hence, 
one can see in this figure that, for such values of n, the links of edges {0, 1}, 
{1,2}, and {2,3} in triangulation A*{Y~) are respectively {6}, {5}, and {4}. 
In particular, these three links are pairwise disjoint. 

As n is greater than 11, the links of edges {0,1}, {1,2}, and {2,3} in 
triangulation A*{Y~) are also disjoint from that of {0,3} in A*{Y^). Hence, 
the conditions of theorem [6] are satisfied if one respectively replaces U, V, and 
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K by A*{Y^ ), A*{Y^), and {0,3} in the statement of this theorem. In this 
case, K contains four vertices of and theorem [6] yields: 

S o AUBn) > 6 o 3j o A*{B„) + 5. 

Since v = {4,6}, this completes the proof. □ 

Let n be an integer greater than 11. Denote k — {0, 3} and v = {4, 6}. One 
can see in figures [t] (when n > 16) and [s] (when 12 < n < 15) that contracting 
edge K in A*{Yjf) removes one of the combs from this triangulation, and 
leaves the other combs unaffected, except for the numbering of their vertices. 
In particular, yl* o A^iY^^^) admits a comb at vertex 1. This comb has four 
teeth when n > 14 and three teeth when 12 < n < 13. Note that {0, 1, n — 6} 
is an ear of this triangulation. Further observe that, when n is greater than 12, 
triangulation A^oA*{Y^) has another comb at vertex [n/2] —2. This comb has 
three teeth when n = 13, and three or four teeth depending on the cardinality 
of n when n is greater than 13. If rt = 12, the comb at vertex \n/2~\ —2 simplifies 
to a simple zigzag. In fact, it can be seen in these figures that triangulation 
yl* o A*{Y^) is the image of W^__^ by the boundary-preserving permutation 
a of t(n — 2) that subtracts 1 from the positive elements of t(n — 5). 

Now consider triangulation A*{Yj^) shown in the left of figure [t] Contract- 
ing edge K in this triangulation introduces a new comb with three teeth at 
vertex 0. The comb already found in A*{Yj'^) is unaffected by this contraction 
except for the numbering of its vertices. In fact, one can see in these figures 
that A*oA*{Y~) is the image of W~_^ by a. The following theorem is obtained 
as a consequence of these observations: 

Theorem 10 Let n be an integer greater than 11. //i?{3 4j.(i?„) is less than 2 
then S{Bn) > S{An-5) +9. 

Proof Assume that i?{3,4} (-Bn) < 1- Respectively denote edges {0, 3} and {4, 6} 
by K and u. As n is greater than 11, one obtains the following inequality 
combining the results of lemmas [7] and |8] 

6iBn)>6oA*^oA*{Bn)+9- (17) 

Consider the boundary-preserving permutation a of t(ji — 5) that subtracts 
1 from the positive elements of t(n — 5). In other words, a maps to n — 6 
and every other element of /,(n — 5) to its immediate predecessor. It can be 
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seen in figures [t] and [s] that, since n is greater than 11, the images of A*{Y~) 
and A*{Y^) by A^ respectively coincide with a{W~_c^) and a{W^_^). Hence, 
according to lemma [6] and to the definition of pair A„_5, 

6oAloA:iB^)^d{A^^,). 



Combining this equality with inequality (17) completes the proof. 



7.2 A lower bound on the flip distance of C„ 

The lower bound (5(C„) > S{An-i) + 7 is now estabhshed using the successive 
contractions of edges {4, 5} and {0, 3}. The following lemma deals with the 
first of these contractions. Its proof is similar to that of lemma [7] In this case, 
though, corollary [3] can be invoked instead of theorem [6j which results in a 
substantial simplification. 

Lemma 9 Let n he an integer greater than 9. //i9{3 4}(C„) is less than 2, 
then5{C^)>5oAl^^^^{C^) + 2. 

Proof Assume that '?{3,4}(C'„) < 1 and recall that the two elements of Cn are 
X~ and . It can be seen in figure [s] that, for any integer n is greater than 
9, edge {3, 5} (dotted in the figure) belongs to triangulation X~ . Note that 
triangulations X^q and X^-^ are also depicted in a more precise way in figure 
10 Further observe that admits a comb at vertex [n/2] +3, and that the 



following inequality holds because n is greater than 9: 

\n/2\ + 3 < n - 2. 

Hence, as can be seen in figure[5](and also in figure 10 when 10 < n < 11), 
the links of edges {3, 4} and {4, 5} in triangulation Y^ are respectively {n — 1} 
and {rt— 2}. In particular, these links are distinct. In this case, corollary|3]states 
that t?{3,4}(C„) and ■!?{4,5}(C„) cannot both be less than 2. By hypothesis, 
^^{3,4}(Cn) is less than 2, showing that t?{4,5}(C„) > 2. The desired inequality 
then immediately follows from corollary [T] □ 

Denote edge {4, 5} by v. The image of triangulation X^ by A*^^ is depicted 
in the left of figure [9] for any integer n greater than 7. One can see in this figure 
that, when n is greater than 8, A^{X~) is made up of a zigzag that starts at 
vertex 3 and ends at vertex \n/2\ + 1 with a comb whose number of teeth 
(three or four) depends on the parity of n. If n = 8, the zigzag disappears and 
A^{X~) is reduced to a comb with four vertices at vertex 5. 

The image of triangulation Y^ by yl* is shown in the right of figure [9] when 
n is greater than 11. It can be seen in this figure that, for such values of n, 
A^{Y^) admits three combs at vertices 3, 4, and \n/2\ +2. The first two combs 
have 3 teeth each, and the third one has three or four teeth depending on the 
parity of n. In addition the combs at vertices 4 and \n/2\ + 2 are connected 
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Fig. 9 The images of triangulations X„ when n is greater than 7 (left) and Y„ when n is 
greater than 11 (right) by map A^^ gj, depicted depending on the parity of n. 

by a zigzag when n is greater than 13, and admit edge {4, \n/2] + 2} as a 
common teeth when 12 < n < 13. 

Invoking theorem |6] for the contraction of edge {0,3} in pair yl*(C„) pro- 
vides the following result: 

Lemma 10 For any integer n greater than 11, 

S ° ^{4,5} (^^«) > S O ^|o_3j O Al^r^yiCn) + 5. 

Proof Consider an integer n greater than 11 and denote edge {4, 5} by v. 
One can see in figure [o] that {0,3} is an edge of A*{Yj'^) whose link in this 
triangulation is {1, n — 2} (recall that A*{Y^) is a triangulation of t(n— 1), and 
that its greatest vertex is n — 2). Further observe that triangulation A*{X~) 
has a comb at vertex [n/2] + 1. As n is greater than 11, then: 

\n/2'] + 1 > 7. 

As can be seen in figure |9j it follows from this inequality that the links of 
edges {0,1}, {1,2}, and {2,3} in triangulation A*{X~) are respectively {7}, 
{6}, and {5}. In particular, these three links are pairwise disjoint and, since n 
is greater than 11, they are also disjoint from that of {0, 3} in yl*(y,+ ). Hence, 
the conditions of theorem [6] are satisfied if one respectively replaces U, V, and 
K by A'^{X^), A*{Y^), and {0,3} in the statement of this theorem. In this 
case, K contains four vertices of i(n — 1) and theorem |6] yields: 

Since v = {4, 5}, this completes the proof. □ 

Let n be an integer greater than 11. Respectively denote edges {0,3} and 
{4,5} by V and k. It can be seen in figure [o] that contracting k in A*{Y^) 
removes one comb from this triangulation and leaves the other two combs un- 
affected, except for the numbering of their vertices. In particular, A*oA*{Yj^) 
has a comb with three teeth at vertex and a comb at vertex [n/2] — 1 whose 
number of teeth is three or four depending on the parity of n. One can see 
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using figure [s] that this A* o A*{Y,'^) is in fact the image of W„„4 by the 
boundary-preserving permutation a of t(n — 4) that exchanges and n — 5: 

TT — > vr, 
a : . _ . 

I I— > n — 5 — z, 

where tt = t(7i — 4). Now consider triangulation depicted in the left 

of figure [9j It can be seen that contracting k in this triangulation introduces 
a new comb with four teeth at vertex 0. Moreover, the other comb in A*{X~) 
is unaffected by this contraction, except for the numbering of its vertices. In 
particular, A* o A*{X~) has a second comb at vertex \n/2] — 2 with three or 
four teeth, depending on the parity of n. It turns out that vl* o A*{X~) is the 
image of W^_^ by permutation a. Because of these observations, one obtains 
the following theorem from lemmas |9] and 10 



Theorem 11 Let n be an integer greater than 11. IJ '&{z^i}{Cn) is less than 2 
then S{Cn) > (5(A„_4) + 7. 

Proof Assume that t?{3,4} (C„) < 1. Respectively denote edges {0, 3} and {4, 5} 
by K and u. As n is greater than 11, one obtains the following inequality by 
invoking lemmas [9| and [TOj 

d{Cn)>5oA*oAl{Cn)+7. (18) 

Consider the boundary-preserving permutation of t(n — 4) that exchanges 
and n — 5. It can be seen, using figures [s] and [o] that the images of A*{X~) 
and A*{Y^) by A* respectively coincide with a{W^_^) and a{W~_^). Hence, 
according to lemma [6] and to the definition of pair j4„_4, 

6oA^^oAl{C„) = S{A^r.-i)- 
Combining this equality with (|18|) yields the desired inequality. □ 



7.3 A recursive lower bound on the flip distance of An 

All the results needed to obtain an adequate recursive lower bound on 6 (An) 
have been stated. This bound is found invoking theorems [7| to [TT| 

Theorem 12 For any integer n greater than 12, 

S{An) > min(5(A„_i) + 2, 5(A,_2) + 4, ,5(A„_5) + lO,S{An-e) + 12). 

Proof Let n be an integer greater than 12. If ^?{„-2,ri-i} (^n) is not less than 
2 or if iJrn ij.(^„) is not less than 3, the desired inequality follows either from 
theorem [T] or from theorem |8] Assume that 'd{n-2,n-i}{An) < 1 and that 
'&{o,i}{An) < 2. According to theorem |9j there exists a pair of triangulations 
P G {Bn-i,Cn-i} so that the following inequality holds: 



S{An)>S{P)+3. 



(19) 
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According to the same theorem, one can also require that i?{3,4} (-P) is not 
greater than 1. Under this condition, and because n — 1 is greater than 11, 
theorems 10 and 11 state that S{P) is not less than both d{An-e) + 9 and 
6{An-5) + 7. Hence, the desired inequality follows from (19 1. □ 



8 The diameters of associahedra 

One of the consequences of theorem [12] is the existence of an integer k so that 
S{An) > 2n — k is bounded below by a constant integer when n is greater 
than 12. It is shown in this section that 10 is a feasible value of integer k. 
According to lemma [l] and to theorem [2] this will settle the two conjectures 
on the diameter of associahedra. 

As already mentioned, and are both equal to the unique triangu- 
lation of i(3), made up of a single triangle. One therefore obtains (5(^3) = 0. 
Observe that this flip distance is already larger than 2n— 10 when one replaces 
n by 3. Consider pairs A„ shown in figure |4] when 4 < n < 8. It can be seen 
that, if n is equal to 4 or to 5, then one can change W~ into W^f using a 
sequence of flips so that each of the flips in this sequence introduces an edge 
of W^. Hence, it follows from lemma [2] that (5(A„) is equal to the number of 
interior edges of for these values of n, that is (5(A„) = n — 3. Here, again, 
the flip distance of A„ is not less than 2n — 10. 

Using more elaborate arguments further provides (5(A„) for 6 < n < 8: 

Proposition 8 The flip distances of pairs A^, A4, A^, Aq, Ai, and A^ are 
respectively 0, 1, 2, 4, 5, and 7. 

Proof The flip distances of ^3, A4, and A5 have already been obtained above. 
Consider the pair Ag, shown in figure |4] It is well known that this pair has flip 
distance 4. Indeed, the flip-graph of t(6) has only 14 vertices and can easily 
be drawn (see for instance figure [T]). The fiip distance of A^ can be obtained 
alternatively using a few simple arguments. Indeed, one can see that none of 
the flips that can be carried out in triangulation Wq will introduce an edge 
of Wq . Hence the second triangulation in any path from Wq to Wq never 
shares an interior edge with Wq . From this triangulation, at least 3 other 
flips are needed because all three of its interior edges still have to be removed. 
This shows that 5{Aq) > 4. The opposite inequality is obtained by exhibiting 
a path of length 4 between Wq and Wq . For instance, successively flipping 
edges {2,4}, {2,5}, {1,5}, and {3,5} in Wg" wiU resuh in . 

The flip distances of A-; and A% can be easily deduced from that of Aq. 
Indeed, as edge {5, 6} has distinct links in and , it follows from lemma 
[5]that 'f){^fi}{A-j) > 1, and then from corollary [l] that: 

S{Aj)>SoAl,,^{Aj) + l. 

It can be seen in flgure[4]that contracting edge {5,6} in W-f and in Wj' 
respectively results in triangulations Wq and . In particular, the above 
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inequality simplifies to ^(^47) > 5{Aq) + 1. It immediately follows that the flip 
distance of is not less than 5. As successively flipping edges {1,6}, {2,6}, 
{2, 5}, {2, 4}, and {0, 2} transforms into W^^ , the opposite inequality also 
holds, proving the the flip distance of A7 is indeed 5. 

Now consider pair Ag shown in the right of figure [4j One can see that edge 
{3,7} crosses both {0,6} and {2,4}. Hence, the conditions of corollary [2] hold 
when U, V, k, u, x, and y are are respectively replaced by Wg , Wg , {2,3}, 
{6, 7}, 2, and 6. In particular, in this case, X{v, U) and {x} U A(k, U) are equal 
to {0} and {2, 4}. Hence the first of these two sets is not a subset of the other 
one, and the third assertion in the statement of corollary [2] holds. One therefore 
obtains from this corollary that 'i?{2,3}(^8) and i5{6,7}(^8) cannot both be less 
than 2. Hence, corollary [T] yields: 

5{Ag)>5oAl{Ag) + 2.^ 

where k is equal to either {2,3} or {6,7}. In both cases, one can find a 
boundary-preserving permutation of t(7) that maps A*^{Ag) to A-;. Therefore, 
following lemma [6j ^(^s) > 5{A'j) + 2, which shows that the flip distance of 
A-j is not less than 7. Finally, sequentially flipping the following seven edges 
transforms into W^: 

{1,7}, {2,7}, {3,7}, {3,6}, {3,5}, {0,3}, and {0,2}. 

Hence, any minimal path between Wg and visits at most 7 triangu- 
lations. It follows that the flip distance of is precisely equal to 7. □ 

When 9 < n < 12, the flip distance of An can be found using proposition 
[7j Observe that the lower bound on 5{An) stated by this proposition depends 
on 5{Bn~i) and (5(C„_i). Recall that Bn is deflned for every n greater than 7 
as the unordered pair that contains triangulations Y~ and , and that C„ is 
obtained for the same values of n replacing by in En- Triangulations 



Y~ , X~ , and Y^ are shown in figure 10 when 8 < n < 11. The edges of 
triangulation Y~ are drawn as solid lines in the top of this figure. Triangulation 
X~ is obtained from Y^ replacing edge {3,6} by edge {4,5}, depicted as a 
dotted line. 

Now observe that, for any T e {Y^ , Xg^}, triangulation Y^ can be fiipped 
to T using a sequence of flips so that each flip carried out in this sequence 
introduces an edge of T. Hence, it follows from lemma [2] that S{{Y^ ,T}) is 
equal to the number of interior edges in T, which proves that d{Bg) and S{C'g,) 
are both equal to 5. The flip distances of Bn and C„ can further be obtained 
easily when 9 < n < 11 using the results proven in the previous sections; 

Proposition 9 Let n be an integer. If 8 < n < 11, then 5{Bn) and (5(C„) are 
both equal to In — 11. 

Proof First, if n is equal to 8, then 2n — 11 is equal to 5. Hence, in this case, 
the desired equalities immediately follow from the discussion that precedes the 
proposition. Now assume that 9 < n < 11 and consider a pair P e {Bn, Cn}- 
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Fig. 10 Triangulations Y.^ and y„ , depicted in solid lines when n ranges from 8 to 11. 
Triangulations , obtained by flipping edge {4,6} in Y,'^ are sketched using dotted lines 
for the same values of n. 

The triangulation in P that is distinct from y,+ will be called T. Hence, T is 
either equal to or to . Denote: 

_ r {1,3} if 9 < n < 10, 
"~ \{0,3} ifn==ll. 

Further call Q — A* (P) . It can be seen in figure [lO] that the links of edges 
{1, 2} and {2, 3} in T are always respectively {7} and {6} and that the link of 
{1, 3} in is always {0, 2}. As these three links are disjoint, and as {1, 2, 3} 
is disjoint from {6,7}, then according to theorem [6j 5{P) > 6{Q) + 3 when 
9 < n < 10. Now observe that, if n = 11, then the fink of {0, 1} in T is {8} 
and the link of {0, 3} in is {1, 10}. As a consequence, for this value of n, 
the links of {0, 1}, {1, 2}, and {2, 3} in T and that of {0, 3} in Y^ are pairwise 
disjoint. In addition, {6,7,8} and {0,1,2,3} are disjoint. Hence, theorem [6] 
yields (5(P) > S{Q) + 5 when n = 11. 

Denote /c = 3if9<n<10 and fc = 5ifri = ll. It has been shown is the 
last paragraph that the following inequality holds: 

S{P)>6{Q) + k. (20) 

Now consider pair Q. One can see that the two triangulations in this pair do 
not have any interior edge in common. As a consequence, the flip distance of Q 
is not less than the number of interior edge in the triangulations it contains. In 
particular, when n = 9, the flip distance of Q is not less than 4. Further observe 
that, when 10 < n < 11, the edge introduced in A^{Y^) by any possible flip 
never belongs to A}{T). Hence, for these values of n, the flip distance of Q 
is greater than the number of interior edges in the triangulations it contains. 
As these triangulations have 5 interior edges when 10 < rt < 11, then the flip 
distance of Q is not less than 6 for these values of n. 

Denote I — A ii n = 9 and Z = 6 if 10 < n < 11. It has been shown is the 
last paragraph that the following inequality holds: 



S{Q) > I. 



(21) 
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Combining inequalities (20) and (21), one obtains that 6{P) > 2n — 11 when 
9 < n < 11. The opposite inequality is found by exhibiting an adequate path 
between the two triangulations in pair P. □ 

Invoking propositions [7) [Hj and [9) one finds that the fiip distance of An is 
never less than 2n — 10 when 3 < n < 12: 

Lemma 11 Let n be an integer. If 3 < n < 12, then 6{An) > 2n ~ 10. 

Proof The lemma is proven by induction on n. If 3 < n < 8, then the result 
immediately follows from proposition [8] Now assume that for some integer n 
so that 8 < n < 12, and for any i e L{n), the flip distance of pair Ai is not less 
than 2i — 10. As n is greater than 8, proposition [7] yields: 

6{A„) > mm{S{A.a-i) + 2, S{An-2) + 4, S{Bn-i) + 3, (5(C„-i) + 3). (22) 

By induction, the flip distances of An-i and An~2 are not less than re- 
spectively 2n — 12, 2n — 14. In addition, since 8<n— 1<11, proposition [9] 
states that 6{Bn-i) and (5(C„_i) are both equal to 2n — 13. Hence, the result 



follows from inequality (22). □ 



Lemma 11 gives a lower bound on the flip distance of A„ when 3 < n < 12. 
Using the recursive expression stated by theorem [12] one can generalize this 
lower bound to arbitrarily large integers n: 

Theorem 13 For any integer n greater than 2, 5{An) > 2n ~ 10. 

Proof The theorem is proven by induction on n. If n < 12, then the result 
immediately follows from lemma [TT| Now assume that for some integer n > 12, 
and for any i £ i{n), the flip distance of pair Ai is not less than 2i — 10. As n 



is greater than 12, theorem 12 yields 



diA„) > min((5(A„_i) + 2, (5(A„_2) + 4, <5(A„_5) + 10, <5(A„_6) + 12). (23) 

By induction, the flip distances of A„_2, and A„_g are not 

less than respectively 2n — 12, 2n — 14, 2n — 20, and 2n — 22. Combining these 
four inequalities with ([23|) completes the proof. □ 



It follows from lemma [T] and theorem 13 that the flip distance of An is 



precisely 2n — 10 when n is greater than 12. According to theorem [2] the 
diameter of associahedra with dimension above 9 is found as a consequence: 



Corollary 4 For any integer d greater than 9, the d- dimensional associahe- 
dron has diameter 2d ~ A. 
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9 Discussion 

It has been shown using combinatorial arguments that triangulations W~ and 
have flip distance 2n — 10 when n is greater than 12, thus settling the two 
open problems on the diameters of associahedra [T7ll4l[6ll5| . It is first shown 
in this concluding section that, in fact, these triangulations correspond to 
maximally distant vertices of the d-dimensional associahedron whenever d is 
distinct from 6, 7, and 9. A third related open problem, originally posed in [3], 
is solved next. A discussion on the possible extension of the techniques devel- 
oped in sections [3] and [3] to a class of polytopes that generalize associahedra 
completes the section. 

9.1 The diameters of d-dimensional associahedra when d <9 

Combining lemma [l] with theorems [2| and |13[ one obtains that triangulations 
W^(i+3 and W^^3 correspond to maximally distant vertices of the d-dimensional 
associahedron when d is greater than 9. When d is not greater than 9, the 
diameters of associahedra can be obtained using a computer program. These 
diameters are respectively 0, 1, 2, 4, 5, 7, 9, 11, 12, and 15 when d ranges from 
to 9 (see Hence, according to proposition [s] and to lemma [llj W^_^^ and 
further correspond to maximally distant vertices of the d-dimensional 
associahedron when d is either less than 6 or equal to 8. It is worth noting that 
this property fails in the case of the three remaining dimensions, i.e. when d is 
equal to 6, 7, or 9. Indeed, recall that the flip distance of any two triangulations 
of is not greater than 2n — 10 when n is greater than 12. In the case of 
triangulations W~ and , this observation remains true down to n = 9, 
which can be shown using a proof similar to that of lemma 2. in [17] : 

Proposition 10 For any integer n greater than 8, 5{An) < 2n — 10. 

Proof Let n be an integer greater than 8. Observe that for these values of n, 
vertex is always contained in exactly four interior edges of . Further note 
that it is always possible to find a flip that increases the number of interior 
edges incident to some vertex in a given triangulation. As W,^ has n— 3 interior 
edges, then one can transform into the unique triangulation T of i{n) all 
of whose interior edges admit as a vertex by carrying out n — 7 flips. For 
the same reason, one can transform W~ into T with a sequence of n — 3 flips. 
This shows that the flip distance of W~ and is at most 2n — 10. □ 

It follows from this proposition that d{Ad+3) is less by one than the diam- 
eter of the d-dimensional associahedron when d G {6, 7, 9}. 

9.2 A third open problem solved 

A conjecture from 4 is now disproved. Consider an integer n greater than 
3, and observe that {n — 1, n + 1} and {0, 2} are two edges on i(n + 2). One 
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interrupted edges show that the length of each zigzag is arbitrary. 

can define two triangulations of by respectively contracting these edges 
in ^,7+2(0) and in Z+^^i-l): 

M- = ^{„-i,„+i} (^,7+2(0)) and M+ = /l|o,2} (^,l+2(-l))- 

These two triangulation are shown in figure depending on the parity of 
n. Each of them admits a unique comb with three teeth. Observe that M~ and 
could have been alternatively defined by carrying out a flip in respectively 
Z~{1) and 2). Consider the following pair of triangulations: 

D.n^{M-,M+}. 

It is conjectured in ^ that £)„ has flip distance 2n — 10 when n is greater 
than 9. Observe that this conjecture was stated in the formalism of binary 
trees (see conjecture 5.1. in [3]). While this conjecture turns out to be false, the 
insight provided in ^ on the form of two possibly maximally-distant vertices 
of the associahedra was partly correct. Indeed, pairs An and Dn are similar, 
except for the facts that the two triangulations in are not symmetric when 
n is even and have a comb at each end of the zigzag. The two triangulations 
in pair D„ are not always at maximal distance, though: 

Proposition 11 For any integer n greater than 19, d{Dn) < 6{Dn-i6) + 31. 

Proof Let n be an integer greater than 19. Because of this condition on n, the 
following fourteen edges are interior edges of triangulation M~ : 

{2, n - 1}, {l,n- 1}, {4, n - 2}, {4, n - 3}, {5, n - 3}, 
{5, n - 4}, {6, n - 4}, {7, n - 5}, {6, n - 5}, {7, n - 6}, 
{8,n- 6}, {10, n- 8}, {9,n- 8}, {9,n~ 7}. 

Let tfj be the path of length 14 that starts at triangulation M~ and that 
successively flips these edges in the order in which they are listed above, from 
left to right and then from top to bottom. Similarly, since n is greater than 
19, the following seventeen edges are interior edges of M+: 

{2,n-6}, {2,n-5}, {l,n-5}, {l,n-4}, {0, n - 4}, {0, n - 3}, 
{0,n- 2}, {4,n- 8}, {4,n-7}, {5,n-8}, {5, n - 9}, {5, n - 7}, 
{3, n - 7}, {7, n - 11}, {7, n - 10}, {6, n - 10}, {6, n - 9}. 
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Call (j) the path of length 17 that starts at triangulation M+ and that 
successively flips these edges in the order in which they are listed above, from 
left to right and then from top to bottom. 

In order to visualize paths ip and <j>, pairs {ip{7), 0(7)}, {-0(11), (f>{13)}, and 
{?/'(14), '0(17)} are respectively sketched in the left, in the center and in the 
right of figure [l2] It can be seen that each of the first seven flips along these 
two paths introduces an edge that admits 3 as a vertex. In addition, iplj) and 
4>{7) both admit a triangulation of i(n — 4) \ i(3) as a subset, drawn using 
solid lines. The edges of 0(7) and 0(7) that are not edges on t(n — 4) \ t(3) are 
further shown as dotted lines, and it can be seen that they all belong to both 
i/'(7) and 0(7). By construction, none of these edges are removed along paths 
■0 and 0. Hence, they are contained in all the subsequent triangulations visited 
by paths ip and 0, and for this reason, they are omitted from the sketches in 
the central and rightmost columns in figure [12} 

Similarly, 0(11) ^^^id 0(13) each admit a triangulation of t(n — 6) \ l{6) as 
a subset, depicted using solid lines in the center of figure [T2j Moreover, the 
edges of tp{ll) and 0(13) that are not edges on t(n — 6) \ t(6) are common to 
-0(11) and 0(13) and are not removed along paths and 0. These edges are 
omitted from the sketches of "0(14) and 0(17). 

Finally, it can be seen that V'(14) and 0(17) each contain a triangulation 



of L{n — 8) \ t(8) as a subset, depicted using soHd lines in the right of figure 12 
In fact, these triangulations are the respective images of A/,,7_i6 and M^-ie 
by the following boundary-preserving bijection: 



, 7r^i(n-8)\t(8), 
i i + 8, 
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where tt = i(n — 16). Moreover, all the edges of ip{7) and 0(7) that are not 
edges on — 8) \ l{8) belong to both ■0(14) and 0(17). Hence, it follows from 
lemma |6] that: 

5({V'(14),0(17)})=<5(i?„_i6). 
As "0 is a path of length 14 from M~ to 0'(14) and as is a path of length 
17 from M+ to -0(17), then one obtains (S(-D„) < S{Dn-i6) + 14+17 which 
completes the proof. □ 

According to this proposition, there exists an integer k so that: 

Id 

Hence, S{Dn) is not only less than S{An) when n is large enough, but the 
difference of these two quantities increases at least linearly with n. 



9.3 On the diameters of more general polytopes 

Along with the many constructions [n[2ll3l[6ll9l [T4l[T5] that followed the ones 
by Mark Haiman and Carl Lee, several generalizations of associahedra have 
been discovered [UdllHlin] in the last twenty years. Among them, one finds 
the secondary polytopes [S1[T] and the fiber polytopes P^. Many properties of 
associahedra carry over to these polytopes. In particular, their vertices are 
in one-to-one correspondence with certain triangulations of given finite sets 
of points. It is then natural to ask whether the techniques developed in this 
article could also be generalized to such triangulations, in the hope for results 
on the diameters of these more general polytopes. 

Recall that contracting an edge in some triangulation of a polygon always 
results in a triangulation. This is not true any more in the case of more general 
triangulations, even already in dimension 2 for triangulations with interior 
vertices. In fact, the notion of contraction itself is not so easy to define for more 
general triangulations because their vertices cannot, in general, be ordered. A 
possible starting point would be to exclusively consider the contractions of 
single boundary faces. Even in this case, though, the resulting objects are 
not necessarily triangulations. In other words, not every boundary face of a 
triangulation could be contracted. Another possible starting point would be 
to consider triangulations of sets of points with good properties, such as the 
vertex sets of cyclic polytopes. These polytopes beautifully generalize polygons 
in higher dimensions. In particular, their vertices can be identified with points 
on the moment curve |10j . and can therefore be ordered as these points. It has 
been shown that contracting successive vertices with respect to this ordering 
in a triangulation of a cyclic polytope always results in a triangulation }16j . 
Hence, the techniques developed in this article may be applied to such point 
configurations in the search for results on the diameters of their secondary or 
fiber polytopes. Note however that, unlike associahedra, the number of vertices 
of these polytopes is unknown in general, and that no reasonable upper bound 
is available on their diameters. 
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